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2019c�Ip¥êÆém#õm«ÐmÁò

KÒ �
� ÜO

1 2 3
�©
µò<
EØ<

555¿¿¿¯̄̄���:

1. �Áò���K, �ò÷©120©.

2. ^�¾)½g)��, )KÖ�Ø��ÑC¾�.

3. ØU¦^O�ì. �'4ÃÅ(ÃÅmÅ, U�6?n).

���!!!WWW���KKK

�© µò<
(��K�8 �K, z�K8©, �64©. r�YW3î�þ.)

1. ®�8Ü U = {1, 2, 3, 4, 5, 6, 7, 8}, A = {1, 2, 3, 4, 5}, B = {4, 5, 6, 7, 8}, K´
8Ü U �f8�Ø´8Ü A �f8, �Ø´8Ü B �f8�8Ü�ê�

.

))){{{���: Ï� A ∪ B = U � A ∩ B = {4, 5}, ¤±÷vK¿�8Ü¤¹��
���3 {1, 2, 3} ¥������3 {6, 7, 8} ¥���, 8Ü {4, 5} ¥��
���½Ø�, u´÷vK¿�8Ü�k

(23 − 1)(23 − 1)× 22 = 196 � .

))){{{���: 8Ü U �f8�ê� 28, Ù¥´8Ü A ½ 8Ü B �f8�ê�
25 + 25 − 22. ¤±÷v^��8Ü�ê�

28 − (25 + 25 − 22) = 196 � .

2. � n ���ê. e 1 + 2 + · · ·+ n �ÚTÐ�u��n ê�Tn ê�z
�êiþ�Ó, K¤k�U� n �� .

))): � 1+2+ · · ·+n = aaa,z{�� n(n+1)
2

= 111×a. du 111 = 3×37�
37 ´�ê, � n Ú n+ 1 ¥�k��� 37 �Ø. 2d 1 + 2+ · · ·+ n < 1000,
�� n < 45. Ïd n = 36 ½ 37. ²O�, 1 + 2 + · · · + 36 = 666 �
1 + 2 + · · ·+ 37 = 703, � n = 36.
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3. ®� x, y, z ´�ê�÷v
x+ y + xy = 8
y + z + yz = 15
z + x+ zx = 35

, K x+ y + z + xy = .

))): d x+ y + xy = 8 � x+ y + xy + 1 = 9 =

(1 + x)(1 + y) = 9. (1)

Ón��{
(1 + y)(1 + z) = 16
(1 + z)(1 + x) = 36

. (2)

(Ü (1) Ú (2) ��

(1 + x)(1 + y)(1 + z) = 3× 4× 6. (3)

d (1)Ú (3)�� z = 7. Ón�� x = 7/2Ú y = 1. l x+y+z+xy = 15.

4. �Å���d 0 Ú 1 �¤� 8  ê, §�óê êi�Ú�Ûê êi�Ú
���VÇ� .

))): � n ´÷vK¿� 8  ê, ��Ùóê þ� 1 ��êÚ3Ûê þ�
1��ê�Ó,l3Ûê þ�óê þ� 1��ê�U� 1, 2, 3½ 4. 5
¿�Ä � 1, e¡©�¹?Ø:

(i) Ûê þ�óê þk 1 � 1, 3 � 0, �k C0
3 · C1

4 = 4 «�U;

(ii) Ûê þ�óê þk 2 � 1, 2 � 0, �k C1
3 · C2

4 = 18 «�U;

(iii) Ûê þ�óê þk 3 � 1, 1 � 0, �k C2
3 · C3

4 = 12 «�U;

(iv) Ûê þ�óê þk 4 � 1, �k C3
3 · C4

4 = 1 «�U;

ÜO�k 4 + 18+ 12+ 1 = 35 �÷v^��g,ê n. qÏ� 0 Ú 1 �¤�
8  ê�k 27 = 128 �, lVÇ� 35

128
.

5. � 1+sinx
cosx

= 22
7
� 1+cosx

sinx
= m

n
, Ù¥ m

n
��{©ê, K m+ n = .

))): 5¿� sinx = 2 sin x
2
cos x

2
, cosx = cos2 x

2
− sin2 x

2
� 1 = cos2 x

2
+ sin2 x

2
.

d 1+sinx
cosx

= 22
7
�� 1+sinx

cosx
=

cos2 x
2
+sin2 x

2
+2 sin x

2
cos x

2

cos2 x
2
−sin2 x

2

=
cos x

2
+sin x

2

cos x
2
−sin x

2
= 22

7
, =

15 cos x
2
= 29 sin x

2
. u´

m

n
=

1 + cos x

sinx
=

1 + 2 cos2 x
2
− 1

2 sin x
2
cos x

2

=
cos x

2

sin x
2

=
29

15
.

l m+ n = 29 + 15 = 44.
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6. P [x] �Ø�L¢ê x ����ê. e A = [7
8
] + [7

2

8
] + · · · + [7

2019

8
] + [7

2020

8
],

K A Ø± 50 �{ê� .

))): 5¿�72k−1

8
, 72k

8
þØ´�ê. U½Â 72k−1− 2 = (7

2k−1

8
− 1)+ (7

2k

8
− 1) <

[7
2k−1

8
] + [7

2k

8
] < 72k−1

8
+ 72k

8
= 72k−1, ¤±é?¿��ê k þk

[7
2k−1

8
] + [7

2k

8
] = 72k−1 − 1 = 7 · 72k−2 − 1

= 7 · (49)k−1 − 1 = 7 · (50− 1)k−1 − 1
≡ 7 · (−1)k−1 − 1 ( mod 50).

l A ≡ 7 · 1010 · (1− 1)− 1010 ≡ 40 ( mod 50).

7. �� 150× 324× 375 ���Nd 1× 1× 1 �ü á�N©3�å�¤�, K
T��N��^é��BL �ØÓ�ü á�N.

))): l��m 151 �p�²1üüål� 1 �²¡�é��k 151 ��:,
òé��©� 150 ã. Ó�, lþ�e, lc���üüål� 1 �²¡q
O\�
©:. Ø�é����à	, �k 150 + 324 + 375 − (150, 324) −
(324, 375)− (375, 150) + (150, 324, 375) = 768 �©:(N½�n), òé��©
� 768 ã, zãáu��ü á�N, =é��BL 768 �ü á�N. (5:
a, b ���ê, P (a, b) � a � b ���ú�ê.)

8. ®�ê�: 2
3
, 2
9
, 4
9
, 6
9
, 8
9
, 2
27
, 4
27
, . . . , 26

27
, . . . , 2

3n
, 4
3n
, . . . , 3

n−1
3n

, . . . ,@o 2020
2187
´Tê

��1 �.

))): �K¿�, �ò®�ê�?1©|, 1�|� {2
3
}; 1�|� {2

9
, 4
9
, 6
9
, 8
9
};

1n|� { 2
27
, 4
27
, . . . , 24

27
, 26
27
}; · · · ; 1 n |� { 2

3n
, 4
3n
, . . . , 3

n−1
3n
}. q 2187 = 37,

36 < 2020 < 37, �©ê 2020
2187
3ê�1 7 |.

e¡·�O�ê�©|�, c 6 |�kê�¥

1
2
[(31 − 1) + (32 − 1) + (33 − 1) + (34 − 1) + (35 − 1) + (36 − 1)]

= 1
2

[
3(36−1)
3−1 − 6

]
= 543 �.

q 2020
2187
�ê�1 7 |�1 1010  .

¤±©ê 2020
2187
�ê��1 543 + 1010  , = 1553  .
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���!!!)))���KKK

(��K�3�K, Ù¥11K16©, 12, 3K�20©, �56©.)

�© µò< 1. � F ´ý� E: x2

3
+ y2 = 1���:, L: F �Ç����

� l � E ��u A,B ü:, L: A,B ©O��� AM Ú
BN ÷v AM ⊥ l, BN ⊥ l, ��� AM , BN ©O� x ¶�
�u M Ú N . Á¦ |MN | ����.

))):

�Lý� E ���: F ��� l ����� α, �K¿� π
2
> α > 0.

Xã, � F ′ �ý� E �m�:, 3 Rt4MAF ¥ cos∠MFA = |AF |
|MF | , ¤±

k |MF | = |AF |
cos∠MFA

. 3 Rt4NBF ¥, Ónk |NF | = |BF |
cos∠NFB , ¤±k

|MN | = |MF |+ |NF | = |AF |
cos∠MFA

+
|BF |

cos∠NFB
=
|AB|
cosα

. (4)

ë( BF ′, 3 4FBF ′ ¥, P |BF | = x, K |BF ′| = 2
√
3− x.

d{u½n� |BF ′|2 = |BF |2 + |FF ′|2 − 2|BF ||FF ′| cosα, = (2
√
3− x)2 =

x2 + (2
√
2)2 − 2x · 2

√
2 · cosα. ¤±k x = 1√

3−
√
2 cosα

, =

|BF | = 1√
3−
√
2 cosα

. (5)

Ónk

|AF | = 1√
3 +
√
2 cosα

. (6)

d (5) (6) � |AB| = 1√
3−
√
2 cosα

+ 1√
3+
√
2 cosα

= 2
√
3

3−2 cos2 α . d (4) � |MN | =
2
√
3

(3−2 cos2 α) cosα .

- f(α) = (3−2 cos2 α)24 cos2 α,K f(α) = (3−2 cos2 α)(3−2 cos2 α)4 cos2 α.

�âþ�Ø�ª� (3−2 cos2 α)+(3−2 cos2 α)+4 cos2 α
3

≥ 3
√

(3− 2 cos2 α)24 cos2 α. ¤
±(3 − 2 cos2 α)24 cos2 α ≤ 8 ��Ò¤á��=� 3 − 2 cos2 α = 4 cos2 α, =
α = π

4
. ¤±��=� α = π

4
�, (f(α))max = 4. l��=� α = π

4
�

|MN |min =
√
6.
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�© µò<

2. � a0, a1, a2, . . . , an ´��ê,� a0 > a1 > a2 > · · · > an > 1
¿÷v

(1− 1

a1
) + (1− 1

a2
) + · · ·+ (1− 1

an
) = 2(1− 1

a0
).

Á¦Ñ (a0, a1, a2, . . . , an) ¤k�U�).

))): dK¿�, é 0 ≤ i ≤ n þk ai ≥ 2. u´k

2 > 2(1− 1

a0
) = (1− 1

a1
) + (1− 1

a2
) + · · ·+ (1− 1

an
) >

n

2

�� n < 4. du n ´��ê, � n ∈ {1, 2, 3}.
(i) � n = 1 �, ·�k 2

a0
= 1 + 1

a1
, )� 2a1 = a0a1 + a0. 5¿� a1 > 1. l

 2a1 = a0a1 + a0 > 2a0, = a1 > a0, ù� a0 > a1 gñ.

(ii) � n = 2 �, ·�k 2
a0

= 1
a1

+ 1
a2
. du a0 > a1 > a2 > 1, � 1

a0
< 1

a1
�

1
a0
< 1

a2
. l 2

a0
= 1

a1
+ 1

a2
´Ø�U�, � n = 2 �Ø¤á.

(iii) � n = 3 �, ·�k 1 + 2
a0

= 1
a1

+ 1
a2

+ 1
a3
, K7½k a3 = 2, ÄK�ªm

>�õ� 1
3
+ 1

4
+ 1

5
< 1. Ón a2 = 3, Ø,�ªm>�õ� 1

2
+ 1

4
+ 1

5
< 1. Ï

d·�k 1
a1

= 1
6
+ 2

a0
> 1

6
, l 3 < a1 < 6. � a1 = 4 � a0 = 24; � a1 = 5

� a0 = 60.

nþ¤ã, (a0, a1, a2, . . . , an) ¤k�U�)� (24, 4, 3, 2) ½ (60, 5, 3, 2).
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C
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�© µò<

3. �½�¢ê 0 < a < b, � x1, x2, x3, x4 ∈ [a, b]. Á¦

x21
x2

+
x22
x3

+
x23
x4

+
x24
x1

x1 + x2 + x3 + x4
��������.

))):(i) Ï� x1, x2, x3, x4 ∈ [a, b] � 0 < a < b, ¤±k

x21
x2

+ x2 ≥ 2
√

x21
x2
· x2 = 2x1

x22
x3

+ x3 ≥ 2
√

x22
x3
· x3 = 2x2

x23
x4

+ x4 ≥ 2
√

x23
x4
· x4 = 2x3

x24
x1

+ x1 ≥ 2
√

x24
x1
· x1 = 2x4

.

lk

x21
x2

+
x22
x3

+
x23
x4

+
x24
x1
≥ x1 + x2 + x3 + x4

¿��Ò¤á��=� x1 = x2 = x3 = x4. u´� x1 = x2 = x3 = x4 �
x21
x2

+
x22
x3

+
x23
x4

+
x24
x1

x1+x2+x3+x4
����� 1.

(ii) Ï� x1, x2, x3, x4 ∈ [a, b] � 0 < a < b, ¤± xi
xi+1
∈ [a

b
, b
a
], Ù¥ x5 = x1.

5¿�

√
x2
i

xi+1√
xi+1

= xi
xi+1

. u´k a
b
≤

√
x2
i

xi+1√
xi+1
≤ b

a
. l

(

√
x2i
xi+1

− a

b

√
xi+1)(

√
x2i
xi+1

− b

a

√
xi+1) ≤ 0

=
x2i
xi+1
− (a

b
+ b

a
)xi + xi+1 ≤ 0. ¤±, é¤k 1 ≤ i ≤ 4 þk

x2i
xi+1

≤ (
a

b
+
b

a
)xi − xi+1

Ù¥ x5 = x1. lk

x21
x2

+
x22
x3

+
x23
x4

+
x24
x1
≤ (

b

a
+
a

b
− 1)(x1 + x2 + x3 + x4).

u´

x21
x2

+
x22
x3

+
x23
x4

+
x24
x1

x1 + x2 + x3 + x4
≤ b

a
+
a

b
− 1

¿��Ò¤á��=� x1 = a, x2 = b, x3 = a, x4 = b ½ x1 = b, x2 = a,

x3 = b, x4 = a. ¤±
x21
x2

+
x22
x3

+
x23
x4

+
x24
x1

x1+x2+x3+x4
����� b

a
+ a

b
− 1.

nþ¤ã,
x21
x2

+
x22
x3

+
x23
x4

+
x24
x1

x1+x2+x3+x4
����Ú���©O� 1 Ú b

a
+ a

b
− 1.
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